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1) Fe¥ckE /B (Theis H:7/A7X) : exponential integral func.

2) FAZE - AAZEBA%L ¢ error and complemental error func.

3) 51, 2 FEIEIE 0, 1 ¥k Bessel BI%L : the 1% and 2™ kind-the 0 and 1% order modified Bessel func.
4) 51,2780, 1 Bessel BS%K : the 1% and 2" kind-the 0 and 1% order Bessel func.

1) $E¥FEHE% (Abramowitz and Stegun, 1972)

o0

2oy (1) tog, (1) -3

y k=1

(1-1)

Z 2T, y:Euler (A T7)EH=05772156649- -+, (xv b ETIE, pEIX
0.577215664901532860606512090082402431042159335939923598805767234884867726777664670936947063291
7467495.... LFEIT SIUTUVNVD),

(ONS 7ﬁ§+§7\ Ihswne X (ks 2016)

Ey(4)=—y—loge(2)+&(2), [e(2)~ A

@ 0<A<1 D& X (Allen,1954)

Ey(4)+10g. (1) = ag +ad + a,4% +ag® + a A' + a A +&(4) (1-2)

=720, s |<2x107
a=—0.57721566 a;= 099999193 a,=—0.24991 055
az= 005519968 a,=—0.00976004 as= 0.00107 857

@ 1<A<oD L X

78 Ey(4
i(2)= +bl/13+b2/12+b3/1+b4

al 32 a3 a4 (1_3)
4 3 2 4 1 2 3 4

4 3 2

=72 L, J<100 TiE |e() | <2x10®
a;= 85733287401 a,= 18.05901 69730
a;= 86347608925 a,= 0.2677737343
b= 95733223454 b,= 25.63295 61486
bs= 21. 09965 30827 h,= 3.95849 69228

2) 8= - RISEMM (Abramowitz & Stegun, 1972)
FERINC - erf (2 Iexp( )dt
ARAERIEL - erfc(z):l—erf (z) (2-1)
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erf (—z)=—erf (z) (2-2)
2 0 n 2n+l 2 ) 0 2n . Z2n-¢—1
erf = =——expl-z (2-3)
Jr nz n! 2n+1 Jr p( )§1-3-5. ...... (2n+1)
erf (x)=1- (alt +at® +agt +a tt + asts)exp(— x2)+ g(x), t= L (2-4)
1+ px
le()|<1.5x107, p=0.32759 11,
a;= 0.254829592, a,=—0.28449 6736, a;=1.42141 3741,
a,=—1453152027, a;= 1.06140 5429,
1
erf (x)=1- +&(x) (2-5)
2 3 4 5 6|16
[1+alx+a2x +85X” +ayX" +agX’ +agX ]
le(x)|<3%107,
2,=0.07052 30784, a,=0.04228 20123, a,=0.00927 05272,
a,=0.00015 20143, a5=0.00027 65672, as=0.00004 30638
2X
x<01 Dk x, erf(x)= 7 (Hanush, 1969 (2-6)
T
exp(-x)
x>0 D& =, erf(Vx)x ") (Hantush, 1964 ©2-7)
(522 s s

3) Bessel BA% : £ 1, £ 2FBEEA vt/LEA% (Abramowitz and Stegun, 1972)
a) 551 FE 0 IEIE~ > BV

@ |0(Z):1+(22/4) (2/af (2] | L@2P @2) (@2

() N ) @ @ @
@ 1WKRERGE, 2T, 1=
=t (-1 u-9)  (u-1)p—9)u-25)

|(z):exp(2)l 8z 282f 3(82)
S Vem | (== 9Nu—25)u—49) _(u-1)u—9)u—25\u—49)\u-81)
4(82)° 51(82)°

v=0 £V, u=0, £->T

|0(z)z&(z){1+ 1.9 +(9)(25) (1)(9)(25)(49) (1)(9)(25)(49)(81) ..... }

Vo | 8z 28z 3@z  4(sz) 518z )
®
—3.75<x<3.75 t=x/3.75
lo(X)=ag +a,t® +at* +agt® + agt® +ayt' +at?+e  |ef<1.6x1077
ag=1 a,=35156229 a,=3.0899424 a, =1.2067492 az=0.26597 32
ay,=0.0360768 a;, =0.0045813
@
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375<x<w t=x/375
Ixexp(=x)ly(x)=ay +at L +at 2 +ast S +at ™t +agt P +agt ® rat” +agtt e
le] <1.9x107"

ay = 0.39894228 a; =0.01328592 a, = 0.00225319 a; =-0.00157565 a, =0.00916 281
a; =—0.02057 706 az =0.02635537 a; =-0.01647 633 a5 = 0.00392377

b) & 1R 1 RIEEES BV

2 4 6
g J@2° @) @) (2/2) 222° 32y
R L N TN ETE

@ IBREREE, TIT, =4
1 AL (-1 u-9) (u-1)u—9)u-25)

()~ exp(z)| 82 2(82)* 3(8z)°
U Vom |, (-2 -9Nu - 25— 49) (u-1)fu—9Nu 25 u—49)u-81)
41(8z)* 51(82)°
v=1 810, u=4
4-1 (4-1(4-9) (4-1)4-9)4-25)
p— + —
1(2)~ exp(z)| 8z 2(8z) 31(8z)
Y o .\ (4-1)4-9)4-25)4-49) (4-1)4-9)4-25)4-49)4-81)
41(8z) 51(8z)
_exp(z) [, 3 (3)5) (3)5)21) (3)6)21)45) (3N5N21)45)77)
J2m 8z 2(8zf 3(8z) 41(82) 51(8z)
®
—3.75<x<3.75 t=x/3.75
L l(x)=ap +a,t® +a,t* +agt® +agt® +a t'® +a,t'? +&  |e[<8x107°
X
a, =05 a, =0.87890594 a, =0.51498869 a, =0.15084934 ag =0.02658733
a,, =0.00301532 a,, = 0.00032 411
@

375<x<m t=x/375
Ixexp(-x)1;(X)=ay +at t +a,t 2 +at S +at ™ +ast S ragt® +at” +agt e
e[ <2.2x107

ay, =0.39894 228 a; =-0.03988024 a, =-0.00362018 a; = 0.00163801 a, =-0.01031555
as; =0.02282967 az; =-0.02895312 a, = 0.01787 654 ag =-0.00420 059

c) H52FE 0 IEE~ VR
®
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Ko(z)= {7+loge[ j}l (z)+£—)+(1+1)£z_i ( 3j£_4i+ .....

(Y 2) (a7 @y
Al

T G )y
2 3
@ <005 D& X, Ko(z)= {loge( j 7/} (Hantush, 1964)

@ IM™RERYE, ZIT, =407

1ottt (e-2u=9) (u-1)u-9)u-25)
K, (z)~ \/Z epl-z) 22y ey
" 22 (=19~ 25)u—49) | (pe~1)fe—9Npe—25)ps— 49N ~81) .
4(8z) 51(82)
v=0 £V, u=0
1, (-20-9), (-1)-9)-25)
7 8 2(8zy 3(8z)?
Kol2)= J; R R R B s s e
41(8z2)* 51(8z)
®
0<x<2 t=x/2
Ko(X)=—10g,(t) 15(x)+ag +a,t” +a,t* +agt® +agt® +ay ™ +a ' +e  |¢] <1x107®
8, = -0.57721566 a, =0.42278420 a, =0.23069756 a = 0.03488590 a; = 0.00262 698
8,0 =0.00010750 ay , = 0.00000 740
@

2<x<w t=x/2

Ixexp(x)Ko(x)= ag +agt P +at 2 +agt P rattragt Cragt e e[ <1.9x107

ay = 1.25331414 a, =-0.07832358 a, =0.02189568 a; =—-0.01062446 a, =0.00587 872
as =—-0.00251540 ag; = 0.00053208

d) %2 F 1 IEIEN v /LB
O <¥EE: REf>

0)= - S ko] {r-oa, £ 1v(e)+fos 2| <z>—ZZ/)f)2—(1+§)j((;/;)4
) gyo(@2f
_(“TEJ @F

S e R
romlgu i -1
1

Z
@ zAREREA, 22T, =4/

@ <005 D&%, Ki(z)~= (Hantush, 1964)

(3-7)
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L AL (u—l)(#2—9)+ (ﬂ—l)(ﬂ—9)§ﬂ—25)
<, (2)~ \/Z exp(_ 2 8z 21(82) 31(82)
" 22 =)~ 9N~ 25—~ 49) | (1~~~ 25)p 49 -81)
4(8z2)* 51(8z)°
v=1 810, u=4
4-1 (4-1)4-9) (4-1)4-9)4-25)
—+

7 82 2(8zy 3(8z)
Ky(2)= = exp(-z

22 . (4-1)4-9)4- 25)(4—49)+ (4-1(4-9)4-25)4-49)4-81) o

4(8z2)* 51(8z )
_ JZ exp(_ )1+ 2 +(3)(—52)+(3)(—5)(—3 21) (3)-5)- 214)(— 45) , (B)-5)- 21)(—545)(— ),
2z 8z 21(82) 31(82) 4(82) 5!(82)
@
0<x<2 t=x/2
XKy (x) = x10gg (t)- 13(x)+ 89 + agt® + agt* +agt® + agt® +ayt * +at? +&  |g<8x107°
;=1 a, = 0.15443144 a,=-0.67278579 a5;=-0.18156897 a5 =-0.01919402
a,=-0.00110404 a;, =—0.00004 686
®

2<x<mw t=x/2

Ixexp(x)Ky(x)=ag +at  +at 2 vagt P rat rat P rat Pre  |¢]<2.2x107

8y =1.25331414 a, = 0.23498619 a, =-0.03655620 a; =0.01504268 a, =-0.00780353
a5 =0.00325614 a5 =—0.00068 245

HARyv )L - E—, EFEA Y)LEEE (Abramowitz and Stegun, 1972)
a) o5 17 0 IR~ v VB

J)e _(22/4)+(22/4)2_(22/4)3+ ..... _, @2F (@2f (z2f,
VOO e e T W Ter e
Jo'(x)==3,(x) (Hantush, 1964)
@ x>0
3,(x)=M, cos(g,)

EBIT, XBRXVES (22T, =)

M2 2y a1 13 (u-1)pu-9) 135 (u-1)pu-9fu-25)
2 (2xf

3
Y 2-4 () 2-4-6 (2x)

6, ~ x_(Llj,H -1 (ﬂ‘l)(ﬂ;25) N (#—1)</12 —112;1 +1073)
2 4] 2ax) - 6(4x) 6(4x)
(=154 ~1535, + 54703 - 375733)
14(4x)’

® 2<01 Jo(x)=1 (Hantush, 1964)
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2216 Jo(x)=~ \/Z cos[z —%j (Hantush, 1964)
n

@ —3<x<3 t=x/3

-—
—

Jo(X)=ag +a,t? +a,t* +agt® +agt® + a0 +a ttP + e, Jg<5x10®

ZT, a=1 a,= —22499997 a,= 12656208 ag=—0.3163866
ag= 0.0444479 a,;=—0.0039444 a;,= 0.0002100
3<x<o  t=3/X

3o(X) = —= T, cos(@y)

Jx

fo(X)=ag +at+at? +ast’ +a,t* +at’ +agt’ +&  |g]<1.6x10°

Gp(X) = x+by + byt + byt +bst® +byt* +bt® +bst® + & [g[<7.0x10°®

80,=0.79788 456 a,=—0.00000 077 a,=—0.00552 740 a;=—0.00009 512
a,~ 0.00137237 as=—0.00072085 ae= 0.00014476

b,=—0.78539816 b;=—0.04166 397 b,=—0.00003954 bs;= 0.00262573
b,=—0.00054 125 bs=—0.00029 333 b= 0.00013 558

b) 1R 1R~y /VEIK

)

@

®

2<01 J(x)== (Hantush, 1964)

2216 Jo(x)=~ \/zsin(z - %) (Hantush, 1964)
nz

x>0 J,(x)=M, cos(d,)
EBIC, XBPREWEE (22T, =) M, 613895 31288l L FIC
—3<x<3  t=x/3

NN

1 ;
Z3(X)=ag +a,t? +agtt +agt® +agt® + a0 ratti e [g<1.3x10°
X

ZZT, a=05 a,=—056249985 a,= 0.21093573 ag=—0.03954 289
ag= 0.00443319 a;=—0.00031761 a;,= 0.00001 109
3<x<oo  t=3/X

3 (x)= 1 f, cos(6;)

Jx

fi(x)=ay +at+at? +at’ +att +at’ +agt’ +&  [g}<4x10®

6(x) = x+by +bit +byt? +bt® +b,t* +bet® +bst® +&  [g}<9x10°®

2,=0.79788 456 a,= 0.00000 156 @a,=0.01659 667 as= 0.00017 105
a,=—0.00249 511 a;=0.00113 653 a,=—0.00020 033

bo=—2.35619 449 b;=0.12499 612 b,=0.00005 650 bs=—0.00637 879
b,=0.00074 348 bs=0.00079 824  hs=—0.00029 166

c) 952 FH 0 R~ VB

& 4-03
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)
=2y a2 AT (o 22
SANEMETE XA

@ x>0

Y, (x)=M,sin(@,)
EBIS, XBREWVEES (22T, =AMy, O T I ([c#y LR T
@ —3x<3 t=x/3

2 X
Yo(x)= ~ Ioge(Eon(x)+ ag+at? +att +agt® ragt’ ra 'l +attPre  [el<1.4x10°

Z 2T, a=0.36746691 a,= 0.60559366 a,=—0.74350384 as;= 0.25300117
ag=—0.04261 214 a;;= 0.00427916 a;,=—0.00024 846
3<x<o  t=3/X

%&Fj%%wﬂw DT, HhBLUG M, TOERLAL

d) 52 FE 1 RN EBRK
D x>0
Y, (x)=M,sin(6,)
EBIT, XBREWVES (22T, =469 M, 01T I iy LR
©® —3x<3 t=x/3

2X X
XY, (x)= = |09e(5j31(x)+ ag+ast? +a,tt +agt® +agt® +a 0+ a e [g<1.1x107

Z 2T, a=—0.6366198 a,=0.2212091 a,= 21682709 a;=—1.31648 27
ag=0.3123951 a;,=—0.04009 76 a;,= 0.00278 73
3<x<oo  t=3/X

n&pj%ﬁmwm 2T, FBEOe Rk, TOEFRLFEL

& 4-03

TS DAL 5 23N B DAY, EE ORER TITEEAY Laplace ZEHARE A V= BA D,
BRI O VEIEE -V AT,  Laplace 5 COARNAR T EBISUEN 0 Br7e ECHR KA L 52 &
LoV, HEEOLOEREHEEZ, FENHD I —ATH 5D, FrZ, PR VERRICI T 2370
MW, EEgKkmE, AIRMAFEMREOLGAE THDH, ZOXITEEDTHD &, ER/NOEHEN
IR TR Ch D Theis ZESMIE I & ORI HR A2 LT L T 5, F£7z, Cooper HD AT 7 iRERFESD
fprE, ARZRHFOHFITEMEOE TH Y, b RERIC T VR TOMRMEA T, BhE 518

W2 2 ORLEFEXOEAZ R L TEL,

(&3]

1)  Abramowitz, M. & I.A. Stegun : Handbook of mathematical functions, Dover Publications, Inc., p.1040, 1972.
2) Hantush, M.S.: Hydraulics of wells, Advances in Hydroscience, Vol.1, ed.by V.T.Chow, pp.281-432, 1964.
3) et FIE, ERESE, AR P EEROBMELICEE T 5 — B % —Theis XUt —, HAH

TR THE, pp.98-101, 2016,
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[{1£%] Bessel B8%%
BRI IO R v Iy VR vy, WITLLTOEFRXOMTH S,

2 d (0]
z —+z—+ 77— 0
dz? ( Y )a)
BEIFE—fER L OMEIES —fEv Ik B LB b, Kv T FOFBRROMTH 5,

ZZ(;TQ)+Z__(Z Y )w 0



